We introduce an integral transformation T defined by ixy -W 2 f(y)dy, in order to do harmonic analysis on the space of C°° solutions of heat equation.
§1. Introduction
By a temperature we mean a C°° solutions of the heat equation. In this paper we will do harmonic analysis on the space of solutions of heat equation (3 f -A)i<(jc,0 = 0 on JTx(0,r).
It is well known that the Fourier transform plays an important role in the usual harmonic analysis. .In order to do harmonic analysis on the temperatures we need some integral transformation which maps the usual functions or generalized functions on R" to temperatures. A point of this paper is to combine advantages of the Fourier transform and standard properties of temperatures so that we can obtain several parallel results as we might see in the usual harmonic analysis.
In this paper we first introduce an integral transformation T as a variant of the Fourier transform, which is defined by
We introduce several interesting properties of such an integral transformation T which will be widely used throughout this paper.
As the first main theorem we shall give a Palay-Wiener type theorem of this integral transformation T. Especially, C°° functions with compact support and distributions with compact support will be characterized by entire temperatures (see Definition 3.1) respectively, via their images of this integral transformation T.
Next, we shall characterize periodic temperatures on JTx(0, T) or temperatures on the w-dimensional torus J" without any condition on their initial temperatures. The initial temperature of any temperature on the torus will be identified with the help of the integral transformation Tin an easy way.
In the last section, we introduce the Hermite temperature JJ? n (x 9 t) as an image of the Hermite polynomial under the integral transformation T. Then it will be shown that Hermite temperature has a similar orthogonal property and can be used to expand the temperatures with some growth condition into infinite series of Hermite temperatures. §2 
we can take a (pointwise) limit ,0 + )= lim U-^-t-*o+ J Thus (7/)(x, 0 is a temperature whose initial value is just/(x), so that the integral transformation can be regarded as a generalization of the Fourier transform. §3. PaSey-Wiener Type Theorems
The Paley-Wiener theorem characterizes distributions or functions by the growth of their Fourier-Laplace transforms. Then it will be quite interesting to consider an analogue for the integral transformation T introduced in the previous section. 
Conversely, if F(^ i) is an entire temperature satisfying (3.2) then there exists a unique u<=£'(K) such that (Tu)(£,t)=F(£ 9 t) in C c°°x (0 5 oo).
Proof. The uniqueness is easily obtained applying the well known uniqueness theorems for temperatures (see [16] ).
(i) First, we note that for a constant C>0 For a multi-index aeN% by |a| we have denoted |a| = a t + a 2 H h a n . But for aeZ", ||a|| denotes the Euclidean length i.e. ||a|| 2 = af + al+ •••+«;[ throughout this section where Z is the set of all integers.
As an application of the transformation T we shall give a characterization of periodic temperatures on R n x (0, T). Here by a periodic temperature we mean the temperature u(x,t) such that
u(x + OL,t) = u(x,t) on R n x(Q,T)
for any aeZ". A periodic temperature can be regarded as a temperature on the ^-dimensional torus T n . In fact, it is well known that if w(x, f) is a periodic temperature on R x (0,1) with the initial temperature f(x) = u(x, 0) which is integrable on (0,1), then u(x,t) can be represented by the Fourier series (4.1) u(x,t)= £ a n e4n2n2t+2 * inx 9
n= -co where pi (4.2) a n = f(x)e~2 ninx dx.
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Here, we shall characterize arbitrary periodic temperature on R n x (0, T), without any condition on its initial temperature. More precisely, the initial temperature of any periodic temperature will be given a meaning via the integral transformation T.
In oreder to do this we first introduce some space of functions of certain decay rate. Remark, (i) Each element u of the space y\ belongs to the space of Schwartz distributions, which is defined by the set of all continuous linear functionals on the space CQ. In fact, it can be represented by u = d*f(x) for some a and a continuous function/(*) on R n such that for some a > 0 and C> 0 This can be proved by the same method which was used for the structure theorem for tempered distributions (see [13] ).
(ii) It is easy to see that (7$)( •, t)e^i for each t >0 and ^e^. Therefore, the transformation T on 3~( is also well defined as, for (iii) The space y^ is a little different from the space Si which was introduced by Gelfand-Shilov( [6] ). But using the same arguments in [6] we can see that the Fourier transform is an isomorphism between y^ and the i space y^ given by the set of all C°° functions $ satisfying that for any there exist h>Q and C>0 such that xeR n i.e. # = &* Now we are in a position to state the main theorem in this section.
Theorem 4.2. Let u(x, t) be a periodic temperature on R n x (0, T). Then
we can find a unique distribution v(x) = Z aeZn c a <5(x + 27ca)e^"I such that (4.4) where c^s are complex numbers satisfying the following: for every e>0 (4.5) |c a |<CX IH|2 , aeZ w . u(x, 0 = X 6(0, t)e 2 ™*, xeR" aeZ"
Moreover, u(x, f) can be uniquely expressed as
for each te(Q, I), where
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Moreover, since u(-,f) is C°° in jR" it follows that for any 7V>0 (4.9) |6(a,OI<MO(l + |a|)-^ aeZ"
for some constant b N (t) depending on N and t. We now apply the heat operator d t -A to (4.7). In view of the condition (4.9) the Laplace operator A and the seminorm in (4.7) can be interchanged in their order of applications. But it may be nontrivial whether 8 t and the summation should be also interchanged. But since d t u(x, i) is also a periodic temperature if we use the decay condition and the uniqueness of the coefficients, they can be also interchangeable. Then,
on R" x (0, 7). Thus from the uniqueness of the Fourier coefficients we obtain an ordinary differential equation at for each aeZ". Thus we have which implies that the function e 47c2| ' a||2r 6(a,r) is independent of r>0, so that we may write
This gives the expression (4.6). Moreover, it follows from (4.9) that for every -JV* 2 n«n 2 ', o<r<r.
Since c x is independent of r>0, we may choose t arbitrarily, so that for every €>0 and some constant C>0 we have Now take v(x) = S aeZn c a 5(x + 27ta), where c a 's are the constants given above. For any 0 in ^ we have aeZ"
for some constant Q >0 and by taking e>0 so that s<4n 2 a. Thus v belongs to y{. Since we get for (x, OeJf" x (0, 7) (7V)(jc,0= aeZ"
On the other hand, the uniqueness in the (4.4) and (4.6) is easy.
Using the above result we can find the inital temperatures of arbitrary periodic temperatures. To be precise, the initial temperature of any periodic i temperature belongs to the space (^) r . Namely, we have the following: Proof. Using the semigroup property of E i.e. )
E(x 9 t 1 + t 2 ) = E(x 9 r J * E(x 9 1 2 ), t i > 0, t 2 > 0, it follows from (4.10) that
s) *E(x,t-s)
In fact, the last integral converges since \u(x 9 t)\^QN 9 t)\x\ N 9 for some N>0 and C(N,t) depending on N>Q and As an another application the backward Cauchy problem for the heat equation on the ^-dimensional torus T n can be solved as follows: for n = 0,1,2,.... The orthogonality is defined by
X2
Then it is well known that if e~^ f(x) is a tempered distribution, then we can write the distribution / as (5.1) /= Z a n H n (x),
Moreover, the coefficients a n have an estimate that for some Then it can be uniquely represented as
Here, the coefficient a n is given by for some sequence a n such that \a n \<C(\+ri) L , neN 0 . Now applying integral transformation we have and a n H n (x))= a n (TH n )(x,t) which gives (5.5). Using the orthogonality (5.3) we also have (5.6). This completes the proof.
